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Abstract
In the context of the de Broglie-Bohm pilot wave theory, numerical simulations for simple systems have
shown that states that are initially out of quantum equilibrium - thus violating the Born rule - usually
relax over time to the expected |ψ|2 distribution on a coarse-grained level. We analyze the relaxation of
nonequilibrium initial distributions for a system of coupled one-dimensional harmonic oscillators in which
the coupling depends explicitly on time through numerical simulations, focusing in the influence of different
parameters such as the number of modes, the coarse-graining length and the coupling constant. We show
that in general the system studied here tends to equilibrium, but the relaxation can be retarded depending
on the values of the parameters, particularly to the one related to the strength of the interaction. Possible
implications on the detection of relic nonequilibrium systems are discussed.
1. Introduction
The de Broglie-Bohm pilot-wave theory [1–4] allows the existence of states that violate the Born rule
and provides a mechanism through which quantum probabilities can emerge [5–11]. In this context, the
known results of quantum theory reflect the current equilibrium state of most physical systems, but systems
out of the so-called quantum equilibrium may also exist [5–9, 12–23]. Simulations of the evolution of
two-dimensional systems have shown that relaxation to equilibrium occurs - on a coarse-grained level -
approximately exponentially for most states formed by a sufficient number of superposed modes [9, 10, 20,
24, 25]. Some systems may have been out of quantum equilibrium in the very early universe [8, 12, 16–19, 26].
If so, an observable effect on the cosmic microwave background (CMB) may be present [19, 20, 26–29]. Out-
of-equilibrium relic systems that decoupled at a very early time have a different spectrum from that predicted
by the Copenhagen interpretation of quantum mechanics (which will be referred as orthodox quantum theory
from now on) that could be detected today [18, 21, 22].
The current state of equilibrium of the systems analyzed in laboratories is often linked to their “violent
astrophysical history” [9, 19] and, on the discussion about non-equilibrium relic systems, interactions between
particles are said to be “likely to cause rapid relaxation” [21]. However, only one-particle systems or
unentangled modes have been considered in simulations (with the exception of [21], where a time independent
coupled scalar system was studied). Although it is natural to expect a correlation between relaxation and
interactions, there is no evidence yet supporting the hypothesis that stronger interactions would induce
faster relaxation. We begin to address the problem of interacting systems out of quantum equilibrium in
this paper.
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In previous works the relaxation to quantum equilibrium was analysed for two main types of systems:
the two dimensional potential well with one particle [9, 10] and the two dimensional harmonic oscillators
[25, 30]1. In those simulations the motivation can be viewed as two-folded: i) it is important to show
that relaxation does take place efficiently to justify the fact that all systems observed so far seem to be in
equilibrium; ii) but it is also important to provide a way through which nonequilibrium can be observed and
so there is interest in finding systems that have not relaxed completely yet or even at all. It is still an open
question if in general most systems do relax efficiently, but available numerical evidence suggests that this is
the case. Numerical results also suggest that there is a number of parameters that can delay or even prevent
relaxation. Only further study of different models and a wider examination of the parameters space can
provide a more complete picture of the relaxation process. However, since the evidence up to now indicates
simultaneously rapid relaxation for most systems and the possible existence of residues of nonequilibrium
that last a long time [23, 25, 30], it is interesting to explore realistic scenarios where incomplete relaxation
could leave an observable imprint, cosmology being a natural place to look for it [18–22, 26–28, 31].
This paper analyzes a system with a time dependent coupling, specifically a system composed of two
one dimensional harmonic oscillators with a product type coupling. The main goal of our analysis is to test
the effect of the coupling on the relaxation timescale. We will also test the effect of the variation of other
relevant parameters, whose influence was tested in previous simulations.
This work is organized as follows. Before going into the details of our model, the development and the
current state of the quantum relaxation picture are reviewed in Section 2, where a detailed summary and
discussion of the numerical results are presented. Section 3 is devoted to the derivation of the exact wave
function of the system of coupled oscillators. We study in Section 4 the behaviour of the evolution of our
model using numerical techniques. We first define our general setup, showing in subsection 4.1 that different
sets of initial phases or combination of quantum states give significantly different relaxation timescales. In
subsections 4.2 and 4.3 we study the averaged effect of the variation of parameters averaged over a set of
randomly chosen initial states. In Section 5 we conclude with a discussion of our results and the possible
significance for the relaxation of systems in cosmological scenarios.
2. Quantum relaxation and numerical simulations
The de Broglie-Bohm theory describes the deterministic motion of individual quantum systems, as op-
posed to the ensemble description furnished by Copenhagen interpretation. Given an initial configuration
q(0) and the wave function ψ(q, t) it is possible to determine the exact trajectory of the system by solving
de Broglie’s guidance equation
q˙(t) =
j(q, t)
|ψ(q, t)|2 (1)
where ψ(q, t) obeys a Schrödinger equation and j(q, t) is the current associated with the continuity equation:
∂|ψ(q, t)|2
∂t
+ ∂q · j(q, t) = 0. (2)
The solution to the Schrödinger equation determines the wave function at all times and the corresponding
guidance equation determines the evolution of q(t). In any experiment the initial position cannot be known
with exact precision, so it is useful to consider a distribution ρ(q, 0) of initial positions that also obeys a
continuity equation given by
∂ρ(q, t)
∂t
+ ∂q · (ρ(q, t)q˙(t)) = 0. (3)
Since equations (2) and (3) are identical, if ρ(q, 0) = |ψ(q, 0)|2, then the Born rule is valid for all values of t.
However, there is no reason in principle for the distribution of initial positions to be equal to |ψ(q, 0)|2. In
1A model of with a scalar field was studied in [27] but it was ultimately shown to be analyzable in terms of harmonic
oscillators. The model of coupled scalar fields studied in [21] was limited to a two level system and focused on the transference
of nonequilibrium from one field to the other.
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fact, the evolution is governed by the Schrödinger and guidance equations, being the initial positions and
distributions contingencies of each set up to which the theory is to be applied. This naturally implies the
question: if the de Broglie-Bohm theory is valid why do we always observe systems that comply to the the
Born rule?
There are currently two main approaches to this issue: one based on a ‘Bohmian’ view of the de Broglie-
Bohm theory that explains the Born rule through a ‘typicality’ argument for the initial configuration of
the whole universe2 [32–35] and the ‘quantum relaxation’ picture [5, 6], where nonequilibrium distributions
evolve to the expected |ψ|2 value in a manner analogous to thermal relaxation. This later approach was
developed in terms of a coarse-grained H-theorem in configuration space analogous to Gibb’s classical
coarse-grained H-theorem in phase space. Assuming that the initial distribution has no microstructure, it
was shown in [5, 6] that a coarse-grained H-function defined by
H¯(t) =
∫
dqρ¯(q, t) ln
(
ρ¯(q, t)
|ψ(q, t)|2
)
, (4)
always decreases in time. Furthermore, numerical simulations were carried out for initially out-of-equilibrium
two-dimensional systems with different numbers of energy modes superposed, and most of them show an
approximately exponential decay to equilibrium of the form H¯(t) ≈ H¯(0) exp(−t/τ) [9, 10, 20, 24, 25], where
τ is the relaxation timescale.
One of the goals of these simulations was to find a general correlation between the timescale τ for
relaxation and the different numerical parameters of the systems, specifically, the number of superposed
modes M and the coarse-graining length ǫ. A first attempt in this direction was made in [9], where a
particle in a two-dimensional potential well was first studied. In that work, a relation of the type τ ∝ 1/ǫ
was found to compare favourably with the numerical simulations. The dependence of τ with the number of
modes was not studied due to computational limitations. Using the same theoretical model of the particle
in the box but with a more complete and slightly different numerical analysis, in [10] different number of
modes where considered and the results pointed to a relation of the type τ ∝ M−1. The same form of
exponential decay was confirmed but no definite dependence on the coarse-graining length was found.
Another system that has been extensively studied through numerical simulations is the two-dimensional
harmonic oscillator [20, 23, 25, 36] which is of special interest since it can be shown to be mathematically
equivalent to the uncoupled mode of a real scalar field [17, 18, 20, 21, 23, 27, 28]. The approximate
exponential decay was still observed for most H¯(t) calculated [20, 25] but the possibility of saturation of
relaxation for small M (with some particular choices of initial phases) was also observed [23, 25, 36].
The number of superposed energy states is equal to the number of nodes in the wave function and those,
in turn, have been related to the chaotic nature of the trajectories in the de Broglie-Bohm theory [37–42].
This chaos has been generally considered as fundamental to the relaxation process [9, 10, 42], implying
that more complex and chaotic systems (with larger M) should relax faster then simpler systems, which
could have slower relaxation or even no relaxation at all [23, 25, 30]. The test of this hypothesis through
direct calculation of the H¯(t) is computationally cumbersome due to the large number of parameters involved
(superposed modes, number of test particles, evolution time and different initial states), so another approach,
first introduced in [36] and based on the character of the trajectories, has been used for the study of long-
time relaxation [23, 25]. It led to evidence that even for some initial states with M = 25 complete quantum
equilibrium could not be reached. More recently, using yet another numerical approach, Underwood [30]
has shown that it is possible that some states of extreme nonequilibrium can completely avoid relaxation.
These results indicate that the presence of nodes can induce faster acceleration for most states but it is still
an open question (that has begun to be answered in [30]) if some other factors can cause systems to stay
out of quantum equilibrium even for large numbers of M .
Aside from the number of modes, it is important to point out some other features of the initial quantum
states studied so far in the simulations. In general, the states considered were constructed as evenly weighted
2For a detailed review and critique of this approach we refer to [11] and references therein.
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superposed energy modes with randomly assigned phases θi,j . As was pointed out in [10] different initial
phases correspond to different initial positions of the nodes of the wave function and they can result in
different relaxation timescales as was already observed for the case M = 4 in that work. However, [10]
claims that this would only considerably affect the process of decay to equilibrium for a low number of
nodes and consider the mean value of τ obtained with 6 different sets of phases for the larger values of M
because the average distribution of nodes will be similar to one another. On the other hand, one could
imagine that some sets of phases cause some confined distribution of nodes and hence delay the relaxation
process even for systems with many modes superposed. A more detailed examination of this feature was
made on Section 5 of [25], where it was shown that some choices of phases cause complete relaxation even
for M = 4, while others could generate a fixed residue in the H¯(t) function for M = 25. The conclusion of
that work is that relaxation is more ‘likely’ for larger values M , but a precise measure of this ‘likelihood’
was not obtained. In [23] some choices of phases also caused significantly different physical behaviours
for the trajectories. These results indicate that when considering the process of quantum relaxation it is
important to consider a wide set of initial phases and that it is still not clear how the positions of nodes
affect the timescale of the decay. It is possible that further investigation in the role of vorticity [30, 42] on
the confinement of trajectories can shed some light into that question.
Another fundamental characteristic of the initial states considered in [9, 10, 20, 23, 25] is the choice of
basis for the energy states. In those works the Hamiltonian was written in a Cartesian 2D basis that provides
a simple set of uncoupled trajectory equations for the 2 coordinates. That also leads to what can be called a
fine-tunning [30] when choosing a symmetric combination of quantum numbers with a definite total energy,
because different sets of states could have been chosen with the same energy (i.e. a set [ψ00, ψ01, ψ10, ψ11]
has the same total energy as [ψ00, ψ01, ψ10, ψ02]). In our work we try to avoid such fine-tunning by randomly
creating a set of initial states that are not necessarily symmetric (in the sense that we can have a set that
contains ψ02 but not ψ20). Since the exact initial quantum state of a system cannot be known directly, we
take a statistical approach and try to learn general information assuming only that the total energy of the
state is known, allowing to study systems with any number of superposed modes instead of the symmetric
M = 4, 9, 16, 25 etc. studied so far.
3. Exact solution for the time-dependent coupled Schrödinger equation
We will consider a system of two interacting harmonic oscillators with the same masses and fundamental
frequencies, and a product interaction with a time dependent coupling of the form k(t) = βt. The coupled
Hamiltonian of the whole system is given by
H(xa, xb, t) =
p2a
2m
+
mω2x2a
2
+
p2b
2m
+
mω2x2b
2
+mk(t)xaxb. (5)
With the coordinate transformations
xa =
1√
2
(x1 + x2) , (6)
xb =
1√
2
(x1 − x2) , (7)
the Hamiltonian is expressed as the addition of two non-interacting oscillators with time-dependent fre-
quency:
H(x1, x2, t) =
2∑
r=1
Hr =
2∑
r=1
(
p2r
2m
+mΩ2rx
2
r
)
, (8)
where Ω2r = (ω
2 ± βt), the plus (minus) sign applies when r = 1(r = 2). The corresponding Schrödinger
equation can be written as
ı
∂Ψ
∂t
=
2∑
r=1
(
− 1
2m
∂2
∂x2r
+
m
2
Ω2rx
2
r
)
Ψ. (9)
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This equation coincides with the one describing an uncoupled field mode in an expanding background [20],
but with different time dependence in the mass and frequency. Hence, we shall follow the derivation of the
exact wave function of the system presented there. The first step is the expansion of the wave function at
t = 0 in terms of the initial eigenstates Φnr(xr) of the Hamiltonian and write it as
Ψ(x1, x2, 0) =
∑
n1,n2
cn1,n2(0)Φn1(x1)Φn2(x2). (10)
The Φnr(xr) states will then evolve according to one-dimensional Schrödinger equations and the solution at
time t can then be written in the original coordinates as the product
Ψ(xa, xb, t) =
∑
n1,n2
cn1,n2(0)ψn1(x1(xa, xb), t)ψn2 (x2(xa, xb), t) (11)
of the independent solutions ψnr (xr , t) with initial conditions ψnr(xr , 0) = Φnr (xr). These, in turn, can be
obtained with the methods presented in [43] and have the form
ψnr(xr , t) =
1√
2nrnr!
Fr(t)Gr(xr , t), (12)
where
Fr(t) =
ω
1
4
r,I exp
(
−ı(nr + 12 )
∫ t
0
dt′
ωr,I
(mgr,−(t))
)
(πgr,−(t))
1
4
, (13)
Gr(xr , t) = exp
(
− x
2
r
2gr,−(t)
(ωr,I + ıgr,0(t))
)
×Hnr
(√
ωr,I
gr,−(t)
)
,
(14)
where ωr,I =
√
gr,+(t)gr,−(t)− g2r,0(t) is a constant of motion, and the Hnr are the usual Hermite polyno-
mials. The functions gr,±(t) and gr,0(t) are solutions of the following system of differential equations
g˙j,− = −2gj,0
m
, (15)
g˙j,0 = mΩ
2
jgj,− −
gj,+
m
, (16)
g˙j,+ = 2mΩ
2
jgj,0, (17)
with initial conditions given by gj,−(0) = 1/m, gj,0(0) = 0 e gj,+(0) = mΩj(0)
2. The most general solution
for gr,−(t) is given by [43]
gr,− = cr,1f
2
r,1 + cr,2fr,1fr,2 + cr,3f
2
r,2, (18)
where fr,1 and fr,2 are two independent solutions of the equation
f¨ +Ω2rf = 0. (19)
With the solutions of this equation for r = 1, 2, gr,−(t) can be written in terms of the constants cr,j
(j = 1, 2, 3), and substituting the resultant expression in the differential equations (15) and (16) we find the
other functions gr,0 and gr,+. Finally, with the initial conditions we fix the constants and construct the full
wave function.
For the case considered here (Ωr =
√
ω2 ± βt), the four solutions are given by
fr,1 =
Ωr
β1/3
J1/3
(
2
3
Ω3r
β
)
, (20)
fr,2 =
Ωr
β1/3
Y1/3
(
2
3
Ω3r
β
)
, (21)
5
and the functions J1/3 and Y1/3 are the Bessel functions of the first and second kinds, respectively. This
solutions are valid only in the interval t ∈ [0, ω2/β] because for r = 2 the Bessel functions are ill-defined for
t > ω2/β. In fact, we have checked that the classical trajectories oscillate up to t ≈ ω2/β and then start to
diverge, thus signalling that the interaction adopted is no longer consistent with treating the whole system
as coupled oscillators 3.
We are now in a position to construct trajectory equations. Before doing so it is important to notice
that we are actually interested in the trajectories xa(t) and xb(t), however, transformations (15) and (16)
are linear as are the guidance equations. We will then use the strategy of applying the transformations of
coordinates for the initial conditions (xa(0), xb(0)) → (x1(0), x2(0)), then solve numerically the guidance
equations for the transformed coordinates and transform the results back to the original system for each step
at which we wish to calculate the H-function. That being said, the guidance equations for the transformed
coordinates (x1, x2) can be written as
x˙1 = Im
(
1
Ψ
∂Ψ
∂x1
)
, (22)
x˙2 = Im
(
1
Ψ
∂Ψ
∂x2
)
. (23)
Upon replacement of the solution of the Schrödinger equation, the above equations are a set of coupled first
order differential equations that can be solved numerically, given any initial positions (xa(0), xb(0)). As-
suming a distribution of initial positions that is different from |Ψ(xa, xb, 0)|2 and calculating the trajectories
for each initial condition we can simulate the evolution of any distribution P (xa, xb, t) that will allow us to
calculate the H¯(t) function given in Eq.(4).
4. Numerical results
In the last section an exact wave function for the Hamiltonian of the system of coupled one-dimensional
harmonic oscillators was presented. Here we give the details of the numerical simulations that were imple-
mented to evaluate the evolution of H¯ for different values of the parameters. We shall see that the variation
of such values has different impacts on the timescales for relaxation to quantum equilibrium.
4.1. Numerical setup
In order to calculate H¯(t) we simulate the evolution of a distribution of trajectories ρ(xa, xb, t) by
numerically solving a number 2N of guidance equations with different initial conditions. We distribute the
initial positions using a random Gaussian generator for each calculation of the H-function. The initial
positions are distributed in a box in configuration space in the area of the support of the wave function,
which consists of the intervals [xa = −5...5, xb = −5.., 5].
After generating the initial distribution, we use the transformation of coordinates given in Eqs.(6) and
(7) to obtain the transformed initial positions. Using a Runge-Kutta method of order 8 [45] we then proceed
to solve the guidance equations given in Eqs. (31) and (32), storing the solutions of each equation after
transforming it back to the original coordinate system:
(xa(0), xb(0))→ (x1(0), x2(0)), (24)
(x1(0), x2(0))→ (x1(t), x2(t)), (25)
(x1(t), x2(t))→ (xa(t), xb(t)). (26)
The Runge-Kutta method is applied for each trajectory initially with an absolute error tolerance of 10−5
and then with one ten times smaller. If the difference between each of the results for x1 and x2 is larger
than the cutoff value given by δ = 0.0025, the calculation is performed again with a smaller error tolerance
until the minimum value of 10−15 is attained.
3Actually, a one-dimensional problem similar to the one studied here was treated using standard quantum mechanics in
[43, 44] and at a time equivalent to t = ω2/β a transition in the interaction, defined by βt→ β, was introduced.
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Figure 1: H¯(t) functions for M = 15 and different sets of initial phases.
Using the wave function described in the previous section and having a distribution of positions for
a number of timesteps we calculate the coarse-grained values of both functions |ψ|2 and ρ. The coarse-
graining is performed by dividing the two-dimensional box in configuration space in cells of side ǫ and then
numerically calculating the integral of the trajectories that are inside each cell for the distribution. The
coarse-grained values of both the wave function and the distribution are then substituted in the equation
H¯(t) =
∫ ∫
ρ¯(xa, xb, t) ln
ρ¯(xa, xb, t)
|Ψ(xa, xb, t)|2
dxadxb, (27)
which is also numerically integrated to give values of H¯(t) at each of the timesteps.
In each of the steps outlined above a number of parameters are involved. For simplicity, we choose
m = ω = 1. The initial wavefunctions are defined up to a phase factor that is given by
cn1,n2(0) =
exp 2πıθn1,n2√
M
, (28)
where M is the number of modes superposed. Besides choosing the phase and the number of modes there
is the choice of the quantum states that are superposed, defined by the quantum numbers n1 and n2 (see
Eq.(11)). For each value of M , (n1, n2) and the phases θn1,n2 were randomly generated.
With the initial wave function defined, we have to set the number N of pairs of trajectories that will be
calculated, and the number of coarse-graining cells that define the value of ǫ. Finally, the coupling constant
β has to be chosen to determine the strength of the interaction. A range of choices of β will be scanned to
evaluate the effect of the interaction in the evolution of H¯(t). All of these parameters can potentially affect
the time scale of relaxation towards quantum equilibrium so they will be examined separately.
4.2. Choice of initial quantum states
Quantum trajectories tend to be highly chaotic in configuration space and they are naturally sensitive
to the initial conditions. As already shown in previous works [23, 25], different choices of initial phases can
lead to different relaxation timescales and might even result in residual nonequilibrium after a long time.
The plots of Figure 1 show that this is also the case in the system under scrutiny. The H¯(t) functions in
such plots were calculated for a wavefunction with M = 15, and the plots also show the best fit of the form
H0 exp (−t/τ), from which the corresponding values for the relaxation timescales were obtained 4. For the
case of 15 modes superposed only one combination of quantum numbers is possible, so the only difference
4For the plots in this subsections, we chose ǫ = 0.2, N = 2 · 105 and β = 0.1.
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between each calculation is the choice of phases θn1,n2 . The values of τ are of the same order of magnitude
but clearly depend of the choice of phases. We have confirmed this dependence with further simulations
using different sets of values of θn1,n2 . Such a dependence might be connected to the position of the nodes
that correspond to each energy mode, but since they are also one of the motives for the chaotic nature, their
precise effect on the relaxation is probably random. Hence, we will employ in the next subsections ten sets
of randomly generated phase values for each calculation of the H¯(t) function.
The relaxation process can also be influenced by the quantum numbers. In most of the previous works a
conservative choice was made: only what we will refer to as symmetric superpositions of states with values
of M that have an integer square root were considered. For example, in those works a wave function with
M = 4 was composed by the quantum states [ψ0,0, ψ1,0, ψ0,1, ψ1,1], thus not including the states ψ2,0 and ψ0,2.
In our simulations, besides randomly generating the phases for each state we also assign random quantum
numbers to each choice of M . In Figure 2 we show three different plots for H¯(t) and their corresponding
Figure 2: H¯(t) functions for M = 9, different sets of initial phases and different combinations of quantum numbers.
best fits with the timescales τ associated to three different presets of phases and quantum numbers for the
case M = 9. The states considered have, respectively, the following quantum numbers:
[ψ0,0, ψ0,1, ψ1,0, ψ0,2, ψ1,1, ψ2,0, ψ2,1, ψ0,3, ψ1,2] , (29)
[ψ0,0, ψ0,1, ψ1,0, ψ0,2, ψ1,1, ψ2,0, ψ1,2, ψ3,0, ψ0,3] , (30)
[ψ0,0, ψ0,1, ψ1,0, ψ0,2, ψ1,1, ψ2,0, ψ2,1, ψ1,2, ψ0,3] . (31)
The timescales again have the same order of magnitude but they differ significantly for each combination.
Although it is not possible through our analysis to separate the effects of different phases and quantum
numbers, the numerical evidence obtained so far, both in our work and in the aforementioned previous
ones, suggests that such choices have an apparently random effect on the relaxation timescales. Hence,
in the following ten presets of phases and quantum numbers will be considered for each simulation in the
analysis of the evolution of the H¯(t) function. The values for the H-functions will then be averaged over
this ten choices and those averages will then be used to calculate the relaxation timescale through the best
fit function H0 exp (−t/τ).
4.3. Coarse-graining length and the number of modes
The coarse graining length ǫ defines the area of the cells over which the densities and wave functions
are calculated. Previously the simulations were done using a bactracking algorithm to ensure that a fixed
number of trajectories were on each cell. In our simulations we go forward in time and as we vary the value
of ǫ we also change the value of calculated trajectories to avoid having cells with a small number of particles.
The backtracking mechanism comes with the problem that at each desired time step the whole trajectory
8
Figure 3: Averages of H¯(t) over ten sets of phases/initial states for different coarse-graining lengths and number of test particles.
From top to botom the simulations where done with increasing number of modes M = 9, 12, 15.
needs to be calculated, while in our case we just need to store the positions of the particles at each of the
50 times at which we calculate the H-function.
We simulated the evolution of distributions with a range of values of ǫ in order to test a possible relation
of the type τ ∝ 1/ǫα. In Figure 3 we show examples of the evolution of H¯(t) for three different numbers
of modes and with diminishing coarse-graining lengths. All the cases show an increment in the relaxation
timescale as the value of ǫ decreases. The relation between τ and ǫ is shown in Figure 4, where a linear best
fit is also shown. The function fitted is of the form
τ =
a
ǫ
+ b. (32)
Our simulations clearly show that relaxation timescales are related to the coarse-graining length in the way
that was suggested by earlier works [8, 9]. This relation can be viewed in two ways. First, a larger ensemble
of trajectories and smaller cells approximate the coarse-grained distribution function to the form of the
actual distribution. So the higher values of N and the smaller the cells would give a more reliable value for
τ . On the other hand, with too many cells the microstructure of the distribution might play a role in the
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evolution of H¯(t) through discontinuities on the integrals of Eq. (27). We take this into account in the next
subsection and make a conservative choice for the value of ǫ and N .
Figure 4: τ as a function of the coarse-graining length for the averaged H¯(t) functions of the systems with 9, 12 and 15 modes
respectively.
Another parameter whose influence has been analyzed in earlier works is the number of modes M . We
show in Figure 5 three examples of H¯(t) functions with different numbers of modes, and we also show the
variation of the relaxation timescale as a function of M . The best fit shown is of the form
τ = a exp (−M/b) + c. (33)
This simulations were done with a fixed coarse-graining length ǫ = 0.1, coupling constant β = 0.1, and
number of test particles N = 8× 105.
Our results are in accordance with previous works, in the sense that we also predict a decrease of
the relaxation timescale with larger number of modes but gives further information because we have the
possibility of calculating the H¯(t) for every value of M ranging from 4 to 15. We then are able to provide a
indication that the relation between relaxation timescales and number of modes is exponential.
4.4. The coupling constant β
It has been suggested that interactions should lead to a shorter relaxation time. To check this assertion,
the plots of the averages of H¯(t) over ten sets of phases and initial states for different values of β, with
ǫ = 0.2 and N = 2 × 105 are presented in Figure 6. The functions decay approximately exponentially
with slightly different decay rates. For all the functions checked the highest value of β corresponds to the
maximum value for the relaxation timescale τ .
The best-fits for τ as a function of β (Figure 7) are highly nonlinear, thus showing that the role of
interactions in the approach to quantum equilibrium is not as direct as previously thought. The plots
suggest that, after reaching a minimum, τ grows almost monotonically with β. This would indicate that
stronger interactions, instead of accelerating relaxation, actually can delay it.
This is our main result: interactions may not have the effect of accelerating relaxation. Further study
must be done to analyze whether stronger interactions can delay relaxation providing a way in which
nonequilibrium might survive some processes that were previously seen to erase it. Our plots show that
the variation of the number of modes induces different variations on the data of τ(β) which can have both
physical and numerical reasons. The fitted functions plotted represent our attempt to find a common
function that best fitted all the data. The functions plotted are all polynomials of degree 5 of the form
a0 + a1β + a2β
2 + a3β
3 + a4β
4 + a5β
5, (34)
which might represent the Taylor expansion of a more complex oscillating function, This fits are not com-
pletely reliable as an indication of what the exact relation between τ and β might be, but represent the
first indication that the timescale can increase when the interaction is stronger. Hence, our results show a
tendency for the behaviour of this system in particular that is contrary to what is generally expected.
10
Figure 5: Averaged H¯(t) functions for increasing number of modes and their estimated τ as a function of the number of modes.
Further work in similar systems with more parameters are currently under way.
4.5. Precision, Equivariance and Confidence intervals
The results shown above were obtained by a series of steps, each with its own particular numerical
limitations. First, we defined the desired the precision for the Runge-Kutta method that solved the guidance
equations, which ranged from 10−5 to 10−15. Afterwards, in order to calculate ρ¯ and ψ¯ we had to define
the coarse-graining length which determines the precision of the coarse-grained function with relation to
the original one. In section 4.3 we showed the effect of the variation of the coarse-graining length but we
took the precaution of maintaining the ratio between the number of cells and the number of calculated
trajectories at 0.0125, which is the precision for the values of the coarse-grained function. Since that is not
a high precision, we tested some sample distributions of trajectories for the equivariance of the distribution
with the wave-function. By equivariance, we mean the property that a distribution initially at equilibrium
(ρ = |ψ|2) will remain in equilibrium. The equivariance condition is mantained by our code which gives
further confidence in our results.
Finally, we have the fits that give us the relaxation timescales τ and their dependence on the parameters
M, ǫ and β. All the fits were made using MapleTM and to evaluate the precision of the fitted functions we
analyzed the confidence intervals on the parameters of those functions.
The fitted H¯(t) functions have confidence intervals for the parameter τ that are considerably high for low
values of M , ranging from 10 to 20% of the calculated value for the relaxation timescale with the number
of modes M = 4..9. For M = 10..14 the confidence intervals fall to the 5− 15% range and are of the order
of 5% for M = 15.
Those ranges indicate that the results for higher M are more reliable, which could be expected if we
assumed that for lower number of modes the decay to equilibrium might not be complete as indicated in
earlier works [25]. We did not consider the possibility of residues in the fitted H¯(t) function because our
analysis only allowed us to observe the evolution of the trajectories inside the interval [0, ω2/β]. Since the
highest value of β we included in our simulations was 0.10 we chose to restrict the whole study to the interval
[0, 10] (with ω = 1), which is a short interval to observe either complete relaxation or the presence of residue.
Our results serve to indicate the behaviour of the relaxation but further work is needed to confirm them.
Finally, the fitted functions τ(ǫ) (Eq. (32)) and τ(M) (Eq. (33)) have confidence intervals on the
parameters of the order of 10% of their values, making them considerably reliable. The relation between τ
and β, however, is very approximate. The polynomial form of Eq.( 34) may indicate that this is a Taylor
expansion of some more complex function with fewer parameters. The plots in Figure 7 suggest that higher
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(a) H¯(t) for M = 9 modes. (b) H¯(t) for M = 11 modes.
(c) H¯(t) for M = 13 modes. (d) H¯(t) for M = 15 modes.
Figure 6: Each plot shows three averaged H¯(t) for different values of the coupling constant β.
values of the coupling constant might be linked to slower relaxation, which is the first step to understand
the role interactions may play on the decay to quantum equilibrium.
5. Conclusions
We have studied for the first time the influence of interactions on the timescale of the relaxation process to
quantum equilibrium. We have found that the timescale consistently increases with the interaction constant
coupling. The increase is apparently not linear but we observed an approximately similar behaviour for a
wide range of number of modes in the wave function of the system.
Our approach has new and interesting features, including randomly generated phases and quantum
numbers. This allowed us to include in the calculations of the averaged H¯(t) functions a variety of initial
wave functions. Furthermore, we also allowed for more numbers of modes (12 in total) to be analyzed by
not restraining to symmetric superpositions. This permited to check in detail the dependence of τ with
M , indicating the possibility of a exponential relation. Varying the coarse-graining length we also found a
relation between τ and ǫ of the form τ = a/ǫ+ b, in line to the one predicted in earlier works [8, 9].
The numerical analysis covered a wide range of parameter values and in all the simulations the approxi-
mate exponential decay of the H¯(t) was observed with the predicted form H0 exp (−t/τ). This confirms the
indications in all the previous simulations but now for a system with explicit time-dependent interaction.
The system studied here was chosen because it allows to introduce a time-dependent interaction in the
study of the relaxation process in a simple way. It has been claimed that strong interactions might be
responsible for ‘washing out’ the nonequilibrium through the evolution of the early Universe. Although this
might be true for most of the systems that we observe today (since no current experiment has observed
violations of the Born rule), our results indicate the possibility that some form of interactions might delay
and even prevent complete relaxation.
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(a) M = 9 (b) M = 11
(c) M = 13 (d) M = 15
Figure 7: τ as a function of the coupling constant β for systems with different number of modes.
Although our analysis has (mainly numerical and computational) limitations, it is still a first step in the
direction of actually describing a mechanism through which interactions may contribute to affect relaxation
of some relic systems in the the way proposed in [21]. Such systems could have avoided complete relaxation in
the very early Universe and could have nontrivial effects on the CMB or on other relic systems [8, 17, 27–29].
The numerical and theoretical analysis done so far in the literature have been focused on some important
assumptions about the cosmology of the early Universe. First, only the evolution of the degrees of freedom
of one massless free scalar field on an expanding, not inflationary, background [27, 28]. The scenario is based
on the evolution of a nonequilibrium distribution in a pre-inflationary era and in a freezing inequality [19]
that indicates that some modes that exit the Hubble radius before or right at the beginning of inflation might
carry a nonequilibrium signature that could be detected in the CMB [29] in relic particles that decoupled
very early after inflation (the gravitino being the most likely candidate [21]).
There are multiple reasons to question if the above scenario is feasible: the uncertainty about the physics
in a pre-inflationary era, the dependence of the freezing of super Hubble modes on the assumption that they
are initially in the Bunch-Davies vacuum, the difficulties associated to actually predicting what would be
the exact effects of nonequilibrium on the CMB and how to separate those effects from the ones predicted
by different models of early Universe cosmology, among others. A different approach would be to consider
the application of the de Broglie-Bohm theory to the whole cosmological model [46–51], which gives rise to
a number of possible cosmologies currently under study.
That approach has been developed initially as a way to substitute the initial singularity of the standard
ΛCDM model with a bounce that occurs due to quantum effects that are only present in the pilot-wave
picture but in all the studies done so far the initial quantum state of the Universe were always considered to
be at equilibrium. A number of questions can be made on the possible effects that a nonequilibrium initial
distribution could have on the power-spectrum predicted by bouncing models and on the particle produced
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in these scenarios.
Another possibility would be to consider the evolution of nonequilibrium for initial states that differ from
the Bunch-Davies vacuum [52, 53]. Using the pilot-wave approach we could derive different forms for the
freezing inequality for different initial states and provide a way through which we could test the validity of
nonvacuum and nonequilibrium initial states.
These questions will be subject to future works where we can apply the numerical analysis presented
here to different cosmological models and further constrain the possible ways through which violations of
the Born rule could be tested today.
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